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Abstract
Recently the interest in developing vertical axis wind turbines (VAWTs) for oﬀshore application has been increasing. Among the
aerodynamic models of VAWTs, double multi-streamtube (DMST) and actuator cylinder (AC) models are two favorable methods
for fully coupled modeling and dynamic analysis of ﬂoating VAWTs in view of accuracy and computational cost. This paper deals
with the development of an aerodynamic code to model ﬂoating VAWTs using the AC method developed by Madsen. It includes
the tangential load term when calculating induced velocities, addresses two diﬀerent approaches to calculate the normal and tan-
gential loads acting on the rotor, and proposes a new modiﬁed linear solution to correct the linear solution. The eﬀect of dynamic
stall is also considered using the Beddoes-Leishman dynamic stall model. The developed code is veriﬁed to be accurate by a series
of comparisons against other numerical models and experimental results. It is found that the eﬀect of including the tangential load
term when calculating induced velocities on the aerodynamic loads is very small. The proposed new modiﬁed linear solution can
improve the power performance compared with the experiment data. Finally, a comparison of the developed AC method and the
DMST method is performed using two rotors and shows that the AC method can predict more accurate aerodynamic loads and
power than the DMST method, at least for the considered rotors.
c© 2016 The Authors. Published by Elsevier Ltd.
Peer-review under responsibility of SINTEF Energi AS.
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1. Introduction
During the 1970s and 1980s, vertical axis wind turbines (VAWTs) attracted interests of researchers mainly in USA
and Canada and considerable eﬀorts were devoted to investigate and develop the Darrieus VAWTs [9]. Commercial
Darrieus VAWTs were also developed by the FloWind Corp. Due to the issues of severe fatigue damage and low power
eﬃciency, VAWTs became less popular than horizontal axis wind turbines (HAWTs). However, as the wind farms are
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moving towards deeper waters where large ﬂoating wind turbines will be more economical, ﬂoating VAWTs have the
potential to reduce the cost compared to ﬂoating HAWTs [8] and eﬀorts devoted to investigate ﬂoating VAWTs are
increasing.
Since Sandia National Laboratories started the study of vertical axis wind turbines in the 1970s, a variety of
aerodynamic models have been proposed for VAWTs. These include streamtube models, actuator cylinder (AC) ﬂow
model, panel method, vortex method and computational ﬂuid dynamics (CFD) method. The streamtube models are
based on the conservation of mass and momentum in a quasi-steady ﬂow. They equate the forces on the rotor blades
to the change in the streamwise momentum through the turbine. They can be categorized into three models: single
streamtube model (SST) [13], multi-streamtube model (MST) [12] and double multi-streamtube (DMST) [9] model.
SST model [13] assumes that the entire rotor represented by an actuator disk is enclosed in one streamtube, MST
model [12] extends the SST model by dividing the rotor into a series of adjacent streamtubes and DMST model [9]
assumes that the vertical axis wind turbine can be represented by a pair of actuator disks in tandem at each level of
the rotor. Up to now, the DMST model has been widely used to estimate the aerodynamic loads on VAWTs.
However, by considering a 2D VAWT rotor, Ferreira et al. [2] compares the diﬀerent models for VAWTs, including
the MST model, DMST model, AC [4] model, U2DiVA using panel model and CACTUS [7] using lifting line model,
and reveals that the DMST model seems to be less accurate than the AC, panel and vortex models. An overview of
these aerodynamic models can also be found in [11], which considers their complexity, accuracy, computational cost,
suitability for optimization and aeroelastic analysis. Due to the considerations of accuracy and computational cost,
the AC method seems to be the favorable method that can be used to conduct aero-hydro-servo-elastic time domain
simulations of ﬂoating VAWTs.
The AC method is a quasi-steady Eulerian model developed by Madsen [4]. The model extends the actuator disc
concept to an actuator surface coinciding with the swept area of the 2D VAWT. In the AC model, the normal and
tangential forces Qn and Qt resulting from the blade forces are applied on the ﬂow as volume force perpendicular
and tangential to the rotor plane, respectively, as illustrated in Fig. 1. Thus the velocity induced by the normal and
tangential forces Qn and Qt can be computed analytically.
The AC method has been implemented in HAWC2 [3] to conduct the fully coupled aero-hydro-servo-elastic time
domain simulations of ﬂoating VAWTs. It can account for dynamic inﬂow, structural dynamics, tower shadow and
dynamic stall. Paulsen et al. [10] performed a design optimization of the proposed DeepWind concept. An improved
design has been obtained with an optimized blade proﬁle with less weight and higher stiﬀness than the ﬁrst baseline
design.
In this paper, an aerodynamic code is developed using the AC method developed by Madsen [4] to model VAWTs
for oﬀshore application. The basic theory of the AC method will ﬁrstly be brieﬂy presented. In the developed
code, the linear solution of induced velocities will be derived by including the eﬀect of tangential load. The eﬀect
of tangential load on the induced velocity was discussed in [5], but was ignored in the implementation of the AC
method into HAWC2 [3,6]. Using the AC method, modeling of a VAWT is presented subsequently including the
eﬀect of dynamic stall via the Beddoes-Leishman dynamic stall model. Two diﬀerent approaches are used to calculate
the normal and tangential loads acting on the rotor . A series of simulations are conducted to verify the code by
comparisons with other numerical models and experimental results . The accuracy of the present code and the eﬀect
of tangential load on the induced velocity are addressed. Finally, a comparison of the present AC method and the
DMST method is performed.
2. Actuator cylinder ﬂow model
Considering a 2D quasi-static ﬂow problem as shown in Fig. 1, the basic equations are the Euler equation and
continuity equation. For simplicity the equations are non-dimensionalized with the basic dimensions R, V∞ and ρ,
which are rotor radius, free stream velocity and ﬂow density, respectively. The velocity components can thus be
written as
vx = 1 + wx (1)
vy = wy (2)
where wx and wy are local velocities representing the changes in wind speed due to the presence of the VAWT.
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Fig. 1. The actuator cylinder ﬂow model representation [6] of a VAWT with volume forces normal and tangential to the circle. Note that the force
direction is from the VAWT onto the ﬂow .
Based on the continuity equation and Euler equation, the velocities wx and wy are related to volume forces as well
as the normal and tangential loads Qn and Qt. The ﬁnal velocity can be divided into a linear part which is a function
of the prescribed normal and tangential loads Qn and Qt and a nonlinear part that is a function of the induced forces.
2.1. Linear Solution
The linear solution of the induced velocities can be analytically computed, as given by
wx( f ) = −p f +
∫ x
−∞
fxdx′ (3)
wy( f ) = −
∫ x
−∞
∂p f
∂y
dx′ +
∫ x
−∞
fydx′ (4)
where p f is the pressure given by
p f =
1
2π
∫∫
fx(x − ξ) + fy(y − η)
(x − ξ)2 + (y − η)2 dξdη (5)
and the volume forces can be expressed as
fx = − fn sin θ − ft cos θ (6)
fy = fn cos θ − ft sin θ (7)
in which
Qn(θ) = lim
→0
∫ 1+
1−
fn(θ, r)dr (8)
Qt(θ) = lim
→0
∫ 1+
1−
ft(θ, r)dr (9)
The integration involved in Eqs. 3 and 4 should be performed item by item throughout the region where the
volume forces are diﬀerent from zero. For the integral part in Eq. 3, since the volume forces are non-zero only along
the cylinder, the integral result depends on the position of the calculation point, as shown in Fig. 2. Detailed derivation
can refer to the Appendix A.
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Fig. 2. The actuator cylinder ﬂow model with volume forces
The linear solution of the induced velocities is given as follows
wx( f ) = − 12π
∫ 2π
0
Qn(θ)
− (x + sin θ) sin θ + (y − cos θ) cos θ
(x + sin θ)2 + (y − cos θ)2 dθ
− 1
2π
∫ 2π
0
Qt(θ)
− (x + sin θ) cos θ − (y − cos θ) sin θ
(x + sin θ)2 + (y − cos θ)2 dθ
− (Qn(arccos y))∗ + (Qn(− arccos y))∗∗
−
⎛⎜⎜⎜⎜⎜⎝Qt(arccos y) y√
1 − y2
⎞⎟⎟⎟⎟⎟⎠
∗
−
⎛⎜⎜⎜⎜⎜⎝Qt(− arccos y) y√
1 − y2
⎞⎟⎟⎟⎟⎟⎠
∗∗
(10)
wy( f ) = − 12π
∫ 2π
0
Qn(θ)
− (x + sin θ) cos θ − (y − cos θ) sin θ
(x + sin θ)2 + (y − cos θ)2 dθ
− 1
2π
∫ 2π
0
Qt(θ)
(x + sin θ) sin θ − (y − cos θ) cos θ
(x + sin θ)2 + (y − cos θ)2 dθ
(11)
where the term marked with ∗ in Eqs. 10 and 11 shall only be added inside the cylinder whereas in the wake behind the
cylinder both the term marked with ∗ and ∗∗ shall be added. Compared with the results in [6], the eﬀect of tangential
load on the computed induced velocity is considered here.
Assuming that the loading is piecewise constant, the integral part in Eqs. 10 and 11 can be rewritten as
wx = − 12π
i=N∑
i=1
Qn,i
∫ θi+ 12Δθ
θi− 12Δθ
− (x + sin θ) sin θ + (y − cos θ) cos θ
(x + sin θ)2 + (y − cos θ)2 dθ
− 1
2π
i=N∑
i=1
Qt,i
∫ θi+ 12Δθ
θi− 12Δθ
− (x + sin θ) cos θ − (y − cos θ) sin θ
(x + sin θ)2 + (y − cos θ)2 dθ
(12)
wy = − 12π
i=N∑
i=1
Qn,i
∫ θi+ 12Δθ
θi− 12Δθ
− (x + sin θ) cos θ − (y − cos θ) sin θ
(x + sin θ)2 + (y − cos θ)2 dθ
+
1
2π
i=N∑
i=1
Qt,i
∫ θi+ 12Δθ
θi− 12Δθ
− (x + sin θ) sin θ + (y − cos θ) cos θ
(x + sin θ)2 + (y − cos θ)2 dθ
(13)
where N is the total number of calculation points, Δθ = 2πN and θi =
π
N (2i − 1) for i = 1, 2, ...,N .
Since only induced velocities at the cylinder are of concern, the total velocity solution at calculation point (x j, y j)
( for j = 1, 2, ...,N) on the cylinder can then be rewritten as
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wx, j = − 12π
⎛⎜⎜⎜⎜⎜⎝
i=N∑
i=1
Qn,iI1,i, j +
i=N∑
i=1
Qt,iI2,i, j
⎞⎟⎟⎟⎟⎟⎠−
(
Qn,N+1− j
)∗ −
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝Qt,N+1− j
y j√
1 − y2j
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
∗
(14)
wy, j = − 12π
⎛⎜⎜⎜⎜⎜⎝
i=N∑
i=1
Qn,iI2,i, j −
i=N∑
i=1
Qt,iI1,i, j
⎞⎟⎟⎟⎟⎟⎠ (15)
where the terms marked with ∗ in Eqs. 14 and 15 are only added for j > N2 (the leeward part of the AC with x j > 0).
I1,i, j and I2,i, j are inﬂuence coeﬃcients in point j inﬂuenced by other point i and are given by
I1,i, j =
∫ θi+ 12Δθ
θi− 12Δθ
−
(
x j + sin θ
)
sin θ +
(
y j − cos θ
)
cos θ(
x j + sin θ
)2
+
(
y j − cos θ
)2 dθ (16)
I2,i, j =
∫ θi+ 12Δθ
θi− 12Δθ
−
(
x j + sin θ
)
cos θ −
(
y j − cos θ
)
sin θ(
x j + sin θ
)2
+
(
y j − cos θ
)2 dθ (17)
in which x j = − sin( jΔθ − 12Δθ), y j = cos( jΔθ − 12Δθ) . It can be found that the inﬂuence coeﬃcients I1,i, j and I2,i, j
are irrespective of time and can thus be integrated once and for all.
2.2. Modiﬁed Linear Solution
It’s relatively time-consuming to compute the nonlinear solution directly. In order to make the ﬁnal solution in
better agreement with the fully nonlinear solution, a correction is required for the linear solution. Madsen et al. [6]
suggested a simple correction by multiplying the velocities from the linear solution wx and wy with the factor
ka =
1
1 − a (18)
where the induction factor a is found based on a relationship between the induction a and the average thrust coeﬃcient
CT . A polynomial relationship [3] between CT and a used in the practical implementation for HAWT’s in HAWC2
was adopted, as given in Eq. 19.
a = k3C3T + k2C
2
T + k1CT + k0 (19)
in which k3 = 0.0892074, k2 = 0.0544955, k1 = 0.251163 and k0 = −0.0017077. This polynomial includes the
CT = 4a(1 − a) for a < 0.5 as well as the Glauert correction for a > 0.5.
However, implementation using the above modiﬁed linear solution shows some deviations in the power coeﬃcients
at high tip speed ratios, as the results of the code AC3 shown in Fig. 8. This implies that at large tip speed ratio, such
a modiﬁcation can cause large deviations in the power coeﬃcient, thus a new modiﬁcation that corrects the ka at high
induction factor, which corresponds to large tip speed ratio, is proposed, as follows.
ka =
⎧⎪⎪⎨⎪⎪⎩
1
1−a , (a ≤ 0.15)
1
1−a (0.65 + 0.35 exp (−4.5(a − 0.15))), (a > 0.15)
(20)
in which the empirical parameters are determined by comparing with the experimental data, as illustrated in Fig. 8.
3. Aerodynamic loads on a 2D VAWT
The aerodynamic loads acting on a 2D VAWT according to the AC ﬂow method can be calculated as follows. The
local inﬂow velocity seen at a blade section is computed by adding the free wind speed and the induced velocity and
subtracting the velocity due to the motion. Consequently, the relative velocity and angle of attack experienced by the
section are found and the corresponding aerodynamic coeﬃcients are determined using a look-up table in terms of the
angle of attack. In this way the normal and tangential loads acting on the cylinder can be determined. In this study
two approaches are used to determine the normal and tangential loads acting on the rotor, namely:
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Fig. 3. An illustration of the local element force acting on the blade of a VAWT.
• Approach I:
Qt =
BFtB
2πRρV2wB
(21)
Qn =
BFnB
2πRρV2wB
(22)
• Approach II:
Qt =
BFtA
2πRρV2wB sin(β)
(23)
Qn =
BFnA
2πRρV2wB sin(β)
(24)
where B is the number of blades, R the radius of the disk considered, β the blade angle with the vertical direction, and
VwB the local free wind speed.
Approach I is based on the assumption that the local element considered is parallel to the rotating shaft, while
approach II takes into account the inclination of the local element, which can represent more physical phenomena if
the blade is curved or helical. The average thrust coeﬃcient used in Eq. 19 can then be computed using Qn and Qt.
4. Aerodynamic modeling of a ﬂoating VAWT using the AC method
The ﬂow chart of the aerodynamic modeling of a ﬂoating VAWT using the AC method is shown in Fig. 4. A
swept surface is created when a VAWT rotates. A set of cylinders along the shaft is obtained by dividing the swept
surface vertically, and for each cylinder a number of grids coinciding with the swept surface can then be obtained by
dividing the cylinder circumferentially. In this sense the ﬂow expansion in the vertical direction is not considered. A
typical number of 20-30 cylinders along the shaft and 36 azimuth angles for each cylinder is recommended by [6]. At
each time step, the induced velocity coeﬃcients at these grids can be computed based on the AC method described
above. Thus the induced velocity at the actual calculation point for each blade can then be determined using an linear
interpolation from two nearest grids to the considered calculation point. The eﬀect of dynamic stall is also included
using the Beddoes-Leishman dynamic stall model. The eﬀects of wind shear and turbulence if present can be included
by the local free wind speed.
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Wind speed seen by the airfoil 
in the airfoil-fixed coord. sys.
WT configuration 
Wind condition
     Rotational speed Z
Time t
A GA WG IG MG( )U =T U +U -U
WG MGU ,U
Relative velocity Vrel
       Angle of attack D
Local Reynolds number Re
, ,L D MC C C
If dynamic stall
Look up table
No
BL Dynamic 
stall
Results (aerodynamic force and 
torque)
Yes
Induced 
velocity coef.
IGU
Azimuth angle
AC Module
Attached flow module
, ,Re
relV D
Trailing edge flow 
separation Module
, , ,c l Pot CN N NC C C C
Leading edge flow 
separation Module
Critical condition 
'
NC
NIC
Dynamic vortex lift 
Module
XW
NaC
,N Cf f
,st stN CC C
,N CC C
,f fN CC C
,v vN CC C
,L DC C
BL Dynamic stall
Fig. 4. Flow chart for aerodynamic modeling of a ﬂoating VAWT using the AC method. Here UWG, UIG and UMG are global wind speed, induced
velocity and velocity due to motion, respectively. TGA is the transform matrix from global coordinate system to the air-foil ﬁxed coordinate system.
Other parameters involved can refer to [1].
5. Veriﬁcations
An aerodynamic code is developed to model oﬀshore VAWTs using the AC method. In this section, a series of
comparisons against numerical models and experimental results are carried out to verify the accuracy of the developed
code. Based on the combination of the approaches for the normal and tangential loads, the option for including or
neglecting the Qt term in Eqs. 14 and 15 when calculating the induced velocity, and diﬀerent modiﬁed linear solutions,
the AC codes developed can be categorized into AC1, AC2, AC3 and AC4, as given in Table 1.
Table 1. Diﬀerent AC codes
Approach for Qn and Qt Qt term in Eqs. 14 and 15 Modiﬁed linear solution
AC1 I Neglected Eq. 18
AC2 I Included Eq. 18
AC3 II Included Eq. 18
AC4 II Included Eq. 20
5.1. Veriﬁcation of the codes AC1 and AC2
The codes AC1 and AC2 compute the aerodynamic loads based on the approach I for the normal and tangential
loads. In this study the codes are veriﬁed by comparing with the numerical results by Larsen and Madsen [3]. A 5MW
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Darrieus rotor with the radius of 64.96 m and height of 130 m was adopted. Various simulations were conducted using
the linear solution and modiﬁed linear solution. The steady wind with a wind speed of 9 m/s was used and the tip
speed ratio λ was set to be 3. The airfoil NACA0015 with the same aerodynamic coeﬃcients were employed in all
simulations.
Fig. 5 presents the normal loading Qn and tangential loading Qt at the midpoint of the blade (as shown in Fig. 3
) along the cylinder periphery when the eﬀect of induced velocities is not considered. Larsen and Madsen [3] carried
out the simulations using the AC code and the HAWC2 code, respectively. It shows that these codes agree very well on
the normal loading. Regarding the tangential loading, the present AC code agrees well with the result of the HAWC2
code.
0 60 120 180 240 300 360
−0.4
−0.3
−0.2
−0.1
0
0.1
0.2
0.3
0.4
Azimuth [o]
Qn
, Q
t [
−]
 
 Qn AC
Qn No ind. (Larsen, 2013)
Qn No ind. HAWC2 (Larsen, 2013)
Qt AC
Qt No ind. (Larsen, 2013)
Qt No ind. HAWC2 (Larsen, 2013)
Fig. 5. Normal loading Qn and tangential loading Qt at the midpoint of the blade (as shown in Fig. 3 ) along the cylinder periphery for λ = 3. The
eﬀect of induced velocities is not considered.
0 60 120 180 240 300 360
−0.3
−0.2
−0.1
0
0.1
0.2
0.3
0.4
Azimuth [o]
Qn
, Q
t [
−]
 
 
Qn AC1
Qn AC2
Qn Lin (Larsen, 2013)
Qn Lin HAWC2 (Larsen, 2013)
Qt AC1
Qt AC2
Qt Lin (Larsen, 2013)
Qt Lin HAWC2 (Larsen, 2013)
(a) With linear solution
0 60 120 180 240 300 360
−0.3
−0.2
−0.1
0
0.1
0.2
0.3
Azimuth [o]
Qn
, Q
t [
−]
 
 
Qn AC1
Qn AC2
Qn Mod. lin (Larsen, 2013)
Qn Nonlinear (Larsen, 2013)
Qt AC1
Qt AC2
Qt Mod. lin (Larsen, 2013)
Qt Nonlinear (Larsen, 2013)
(b) With modiﬁed linear solution
Fig. 6. Normal loading Qn and tangential loading Qt at the midpoint of the blade ( as shown in Fig. 3 ) along the cylinder periphery predicted using
the linear solution and modiﬁed linear solution for λ = 3. Diﬀerences between the codes AC1 and AC2 can refer to Table 1.
Linear solution is then used to predict the normal and tangential loading on the rotor. Fig. 6 (a) demonstrates the
normal loading Qn and tangential loading Qt at the midpoint of the blade along the cylinder periphery. Here the AC1
and AC2 code are applied and the diﬀerence between these two AC codes lies in that for the code AC1 the Qt term in
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Eqs. 14 and 15 is neglected when calculating the induced velocity. It should also be noted that both the linear solution
in the AC by [3] and the implementation of AC method in HAWC2 ignores the Qt term in Eqs. 14 and 15.
In the windward part, both the normal and tangential loads resulting from AC1, AC2 and the HAWC2 implemen-
tation are very close. However, in the leeward part, especially in the vicinity of azimuth angle of 270 o, those codes
present relatively large diﬀerences with respect to the normal and tangential loads. The codes AC1 and AC2 predict
a little larger tangential load than the HAWC2 implementation. Regarding the codes AC1 and AC2, the AC2 gives a
little smaller normal and tangential loads in the ﬁrst and third quadrants and a little larger normal and tangential loads
in the second and fourth quadrants. This is due to the eﬀect of including tangential loads when calculating the induced
velocity.
In order to predict the aerodynamic loads accurate at a small computational cost, a modiﬁed linear solution pro-
posed by Madsen et al. [6] is used. Fig. 6(b) compares the normal loading Qn and tangential loading Qt at the
midpoint of the blade along the cylinder periphery using the codes AC1 and AC2. The nonlinear solution considered
by Larsen and Madsen [3] neglects the eﬀect of tangential loads when calculating the induced velocity.
The normal load computed by AC1 agrees quite well with that of the modiﬁed linear solution by Larsen andMadsen
[3]. But the AC1 predicts a little larger tangential loads than the modiﬁed linear solution by Larsen and Madsen [3],
especially in the downwind part. With respect to the code AC2, deviations between the AC2 and modiﬁed linear
solution of Larsen and Madsen [3] are both observed in the normal and tangential loads, particularly in the downwind
part of the rotor, since the terms of tangential loads are included in AC2 when calculating the induced velocity.
0 0.2 0.4 0.6 0.8 1
−0.2
−0.15
−0.1
−0.05
0
0.05
0.1
0.15
0.2
0.25
0.3
Blade position r/S [−]
 
Qn
 [−
]
0 0.2 0.4 0.6 0.8 1
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−0.02
−0.01
0
0.01
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Qt
 [−
]
 
 
φ=90o (AC1)
φ=90o (AC2)
φ=90o (Larsen, 2013)
φ=270o (AC1)
φ=270o (AC2)
φ=270o (Larsen, 2013)
Fig. 7. Distribution of the normal load Qn and tangential load Qt as a function of position on the blade at azimuth angle of 90o and 270o. Diﬀerences
between the codes AC1 and AC2 can refer to Table 1.
The above veriﬁcations are with respect to the midpoint of the blade. It’s also necessary to investigate and verify
the distribution of normal and tangential loads along the blade at diﬀerent azimuth angles, as shown in Fig. 7. At the
azimuth angle of 90o, both the normal and tangential loads predicted by the codes AC1, AC2 and the implementation
in HAWC2 by Larsen and Madsen [3] are very close. While at the azimuth angle of 270o, these codes shows small
diﬀerences in the middle part of the blade , with the position r/S approximately ranging from 0.3 to 0.7. Moreover,
the AC2 gives a little smaller normal and tangential loads than the AC1.
As a whole, the present codes AC1 and AC2 agree well with the results in Larsen and Madsen [3] and can be
regarded to be accurate enough to model ﬂoating VAWTs.
5.2. Veriﬁcation of the codes AC3 and AC4
The codes AC3 and AC4 calculate the normal and tangential loads using approach II with diﬀerent method to
correct the linear solutions. In this study the codes AC3 and AC4 are veriﬁed by comparison with experiment data.
Two rotors are considered here, i.e. the 3-bladed Sandia 5 m Darrieus rotor and 2-bladed Sandia 17 m Darrieus rotor.
The power coeﬃcient at diﬀerent tip speed ratio for these two rotors are demonstrated in Fig. 8. It’s obvious that at
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low tip speed ratio, the codes AC3 and AC4 match well with each other and also agree well with the experimental data;
However, at high tip speed ratio, the code AC4 can predict the power accurately while the code AC3 underestimates
it. The modiﬁed linear solution proposed in this paper can better predict the aerodynamic power.
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Fig. 8. Comparison of power coeﬃcient curve between simulation model and experimental data. (a): the 3-bladed Sandia 5 m Darrieus rotor at
rotational speed of 150 rpm, (b): the 2-bladed Sandia 17 m Darrieus rotor at rotational speed of 50.6 rpm. Diﬀerences between the codes AC1,
AC2, AC3 and AC4 can refer to Table 1.
6. Comparison of the AC and DMST methods
Fig. 8 also show comparisons between the developed AC methods and the DMST method. It can be found that
at a low tip speed ratio, which corresponds to small axial induction factor, the codes AC1, AC2, AC3 and AC4 are
very close and can all predict the aerodynamic power accurately; and the DMST method seems to underpredict the
aerodynamic power to some extent. At a high tip speed ratio, the AC1, AC2 and DMST codes overestimate the
aerodynamic power, whereas the code AC3 underestimates the aerodynamic power.
In order to illustrate the diﬀerence between each code, the coeﬃcients of thrust, lateral force and aerodynamic
torque of the Sandia 17 m Darrieus rotor are also studied, as shown in Fig. 9. Two representative tip speed ratio
are considered here. At a low tip speed ratio, for instance λ = 2.5, all these codes predict very close aerodynamic
torque, but the DMST method diﬀers in thrust and side force from the AC method since it ignores the induction in the
cross-ﬂow direction. Moreover, the aforementioned two approaches used to calculate the normal and tangential loads
have very small diﬀerence at the low tip speed ratio. At a high tip speed ratio, for example λ = 7, the codes AC1 and
AC2 overpredict the thrust and aerodynamic torque signiﬁcantly, while the code AC3 gives a little smaller thrust and
aerodynamic torque than the code AC4. When comparing the results of the codes AC4 and DMST, the DMST method
overpredicts a little the aerodynamic torque but underestimates the thrust.
7. Conclusions
This paper deals with the aerodynamic modeling of ﬂoating VAWTs using the Actuator Cylinder (AC) method. An
aerodynamic code has been developed to calculate the aerodynamic loads acting on the blades of VAWTs considering
the shear and turbulent wind as well as the eﬀect of dynamic stall using the Beddoes-Leishman dynamic stall model.
Currently, the ﬂow expansion of the induced velocity in the vertical direction is not considered.
The aerodynamic modeling of VAWTs are studied in depth in this paper. Linear solutions of the induced velocities
along the cylinder are ﬁrstly derived to account for the eﬀect of tangential load. Two diﬀerent approaches are used to
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Fig. 9. Coeﬃcients of thrust, side force and torque for the Sandia 17 m Darrieus rotor as a function of the azimuth angle. The eﬀect of dynamic
stall is not included. Diﬀerences between the codes AC1, AC2, AC3 and AC4 can refer to Table 1.
calculate the normal and tangential loads along the cylinder. Moreover, two diﬀerent modiﬁcations are employed to
correct the linear solution of the induced velocities.
The eﬀect of tangential load on the aerodynamic loads when calculating the induced velocities is found to be
relatively very small. Calculating the normal and tangential loads using approach II which considers more physical
phenomena predicts better aerodynamic loads than approach I. Moreover, the modiﬁed linear solution proposed in
this study gives very good aerodynamic power prediction compared with experimental data.
In addition, comparative studies of the developed AC codes and the double multi-streamtube (DMST) method are
carried out and show that the developed AC method, which includes the tangential load term when calculating the
induced velocities, computes the normal and tangential loads using approach II and employs the new modiﬁed linear
solution, can predict more accurate aerodynamic power and aerodynamic loads than the DMST method.
The developed AC method is found to be accurate for modeling oﬀshore VAWTs. This AC code can be inte-
grated with the computer codes SIMO-RIFLEX to form a fully coupled simulation tool, i.e. SIMO-RIFLEX-AC
[1], which is capable of performing the aero-hydro-servo-elastic time-domain analysis for oﬀshore bottom-ﬁxed or
ﬂoating VAWTs.
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Appendix A. Linear solution of the AC ﬂow problem
In Eq. 5, let ξ = −r sin θ, η = r cos θ, we have
p f = lim
→0
1
2π
∫ 1+
1−
∫ 2π
0
(− fn sin θ − ft cos θ) (x + r sin θ) + ( fn cos θ − ft sin θ) (y − r cos θ)
(x + r sin θ)2 + (y − r cos θ)2 rdrdθ
=
1
2π
∫ 2π
0
Qn(θ)
− (x + sin θ) sin θ + (y − cos θ) cos θ
(x + sin θ)2 + (y − cos θ)2 dθ
+
1
2π
∫ 2π
0
Qt(θ)
− (x + sin θ) cos θ − (y − cos θ) sin θ
(x + sin θ)2 + (y − cos θ)2 dθ
(A.1)
For the integral part in Eq. 3, since the volume forces are non-zero only along the cylinder, the integral result
depends on the position of the calculation point.
• When the calculation point is located inside the cylinder, as the point P1(x, y) shown in Fig. 2, the integral part
can be written as ∫ x
−∞
fxdx′ =
∫ 0
−∞
fxdx′
note that x′ = −√r2 − y2 , dx′ = − r√
r2−y2 dr, and fx = − fn sin θ − ft cos θ = − fn
√
r2−y2
r − ft yr , this yields
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∫ x
−∞
fxdx′ = lim
→0
∫ 1−
1+
⎛⎜⎜⎜⎜⎜⎝− fn
√
r2 − y2
r
− ft yr
⎞⎟⎟⎟⎟⎟⎠
⎛⎜⎜⎜⎜⎜⎝− r√
r2 − y2
⎞⎟⎟⎟⎟⎟⎠ dr
= − lim
→0
∫ 1+
1−
⎛⎜⎜⎜⎜⎜⎝ fn + ft y√
r2 − y2
⎞⎟⎟⎟⎟⎟⎠ dr
= −Qn(arccos y) − Qt(arccos y) y√
1 − y2
(A.2)
• When the calculation point is located at the leeward part of the cylinder, as the point P2(x, y) shown in Fig. 2,
the integral part can be written as
∫ x
−∞
fxdx′ =
∫ 0
−∞
fxdx′ +
∫ x
0
fxdx′
The ﬁrst term in the right hand side of the equation has been computed above. For the second term in the right
hand side, since x′ > 0 then x′ =
√
r2 − y2, we have dx′ = r√
r2−y2 dr and fx = − fn sin θ− ft cos θ = fn
√
r2−y2
r − ft yr
∫ x
0
fxdx′ = lim
→0
∫ 1+
1−
⎛⎜⎜⎜⎜⎜⎝ fn
√
r2 − y2
r
− ft yr
⎞⎟⎟⎟⎟⎟⎠
⎛⎜⎜⎜⎜⎜⎝ r√
r2 − y2
⎞⎟⎟⎟⎟⎟⎠ dr
= lim
→0
∫ 1+
1−
⎛⎜⎜⎜⎜⎜⎝ fn − ft y√
r2 − y2
⎞⎟⎟⎟⎟⎟⎠ dr
= Qn(− arccos y) − Qt(− arccos y) y√
1 − y2
(A.3)
Regarding the integration in Eq. 4, it should be noted that [4]
∫ x
−∞
∂p f
∂y
dx′ =
1
2π
∫∫ − fy(x − ξ) + fx(y − η)
(x − ξ)2 + (y − η)2 dξdη+
∫ x
−∞
fydx′ (A.4)
Therefore,
wy( f ) = −
∫ x
−∞
∂p f
∂y
dx′ +
∫ x
−∞
fydx′
= − 1
2π
∫∫ − fy(x − ξ) + fx(y − η)
(x − ξ)2 + (y − η)2 dξdη
= − 1
2π
∫ 2π
0
Qn(θ)
− (x + sin θ) cos θ − (y − cos θ) sin θ
(x + sin θ)2 + (y − cos θ)2 dθ
+
1
2π
∫ 2π
0
Qt(θ)
− (x + sin θ) sin θ + (y − cos θ) cos θ
(x + sin θ)2 + (y − cos θ)2 dθ
(A.5)
In this way, the integration in Eqs. 3 and 4 can be conducted and the linear solution of the velocities can be
obtained.
